Scattering of an electron wave at various caps closing an armchair nanotube is studied. The reflection coefficients can be understood as an effective shift in boundary position and phase shift at the boundary. The phase shift is approximately given by π for states with parity + and 0 for states with parity −, respectively. The effective position is approximated by (1/4)P , where P is the height of an equilateral triangle having a base line determined by neighboring five-membered rings located at the boundary between the tube and the cap. The electronic structure of a finite-length armchair nanotube closed by a cap can be calculated with the use of the phase shifts.
els of finite-length nanotubes with caps are calculated. A summary and brief discussion will be given in §5. In the following, we shall exclusively consider metallic armchair nanotubes, but extension to other tubes is straightforward but can be tedious. §2. Electron Scattering by Nanotube Caps
Scattering matrix
As shown in Fig. 1 , the coordinate system (x, y) is chosen in such a way that the y axis is along the tube axis and the x axis in the circumference direction and that x and y axis are fixed on a graphite sheet. Two primitive translation vectors are denoted as a and b defined by a = ae x , (2.1)
2)
The structure of a carbon nanotube is specified by the chiral vector L = n a a + n b b with integers n a and n b , which is the circumference vector of the tube. The hiral angle η is the angle between the chiral vector L and c §1. Introduction A carbon nanotube (CN) consists of coaxially rolled two-dimensional (2D) graphite sheets.
1) The diameter of a multi-wall CN ranges from 20 to 300Å and the maximum length exceeds 1 µm. Single-wall CNs having a diameter lying between 7 and 16Å can be synthesized.
2, 3)
Some CNs are closed by a half fullerene at the end, 4) which will be called a cap. The purpose of this paper is to study effects of such caps on electronic properties of nanotubes with a finite length.
Various energy band calculations have been performed and showed that infinite length CN can be a metal or semiconductor depending on the structure. [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] The energy structure of a finite-length CN without a cap was theoretically studied, 16) which shows that the HOMO-LUMO gap has a well defined oscillation in a short tube, where HOMO and LUMO stands for highest occupied molecular orbital and lowest unoccupied molecular orbital, respectively. Finite size graphite sheets were found to have an oscillation of the band gap and a peculiar edge state.
17)
It is known that a single-wall nanotube usually has a cap at its end. According to Euler's theorem there are six pentagonal-membered rings in a cap if it contains no other topological defects. The local density of states of caps of a nanotube was calculated in a tight-binding model and the presence of states localized in a cap was predicted.
18) Nanotube caps were studied by STM, which suggested the presence of such cap states. 19) In this paper, we theoretically study scattering of an electron wave at various caps of nanotubes and effects of caps on electronic states in finite-length carbon nanotubes. It is organized as follows: In §2 a formulation is described to calculate the electron scattering by a cap and the electron state of a capped nanotube. In §3 the method to calculate the scattering phase shift based on a tight-binding model is discussed. In §4 several examples of caps are introduced and the scattering phase shift is explicitly calculated for these caps. In §5 the energy lev- The coordinate system (x, y) is chosen in such a way that the y axis is along the tube axis and the x axis is along the circumference and that x and y axis are fixed on a graphite sheet. The chiral vector corresponding to a circumference of CN is denoted as L and the chiral angle η is the angle between the chiral vector and the x .
In an armchair nanotube, the K point is mapped onto the point K =2π/3a and the K point onto K = −2π/3a in the one-dimensional Brillouin zone as shown in Fig. 2 . In the vicinity of the Fermi energy, there are two rightgoing channels K+ with wave vector ∼ (k+K) and K + with ∼ (k + K ) and two left-going channels K− with ∼ (K −k) and K − with ∼ (K −k), where k is the wave vector measured from the K or K point. We consider the situation that an electron incident from the left hand side and is reflected back by the presence of a cap. This process is described by the following scattering matrix or S matrix:
where r KK and r K K describe intra-valley reflection and r K K and r KK inter-valley reflection. The unitarity condition is written as
When a capped tube has a mirror symmetry around a plane containing the tube axis, the amplitude for intravalley reflection vanishes identically 20) and
Therefore, we can put
with phase shifts θ KK and θ K K . The states with K+ and K − have parity − and those with K + and K− parity +. In the following, we shall consider such nanotubes with a mirror symmetry, for simplicity.
Energy levels in capped nanotube
We consider the case of a finite-length armchair nanotube closed by some cap at both ends. Let r L =(x L , y L ) and r R =(x R , y R ) be lattice sites on a circumference line passing through the center of a five-membered ring located between the nanotube and a cap. Figure 3 shows an example of the development map near the right end of a nanotube connected to a cap. The vector T describing the finite length nanotube can be defined as
where t is a unit vector in the axis direction and q is an integer (we shall confine ourselves to the case characterized by an integer q, for simplicity). We have T = qa with a being the lattice constant. Define the phase shift at the left cap as 10) and at the right cap as
In the tube region sufficiently away from the caps, the wave function is given by a linear combination of traveling waves corresponding to Bloch functions, ψ K± (r) and ψ K ± (r). The above reflection coefficients are defined by 12) for states with parity − and 13) for states with parity +. It should be noted that the actual wave function at r L and r R is not given by the Bloch functions only but should contain contribution of evanescent waves which decay exponentially away from the caps. Using the property of Bloch functions, we have 14) where k and k are small wave vectors measured from the K and K point, respectively. Obviously, k = kt and k = −kt. This leads to the following condition for the wave vector k:
15) the x axis. We consider only 0 ≤ η ≤ π/6 because of the hexagonal symmetry of the honeycomb lattice. A nonhelical nanotube with η = π/6 is called an armchair nanotube and η = 0 a zigzag nanotube. In this paper, we shall exclusively consider armchair nanotubes with n a = 2n and n b = n with integer n, which are known to be always metallic. In a two-dimensional graphite, the energy bands cross the Fermi energy at K and K point whose wave vector is given by
3) 20) for states with parity − and 
In the limit of a small wave vector |ka| 1, we can use an effective mass approximation (EMA), in which the wave vector k is related to the energy E through E = γk with γ being a band parameter.
Explicitly, we have 23) where N q is an integer and ν q = 0 or ν q = ±1. Then, energy levels can be written with the use of eqs. (2.18) and (2.19) as 24) for states with parity − and
for states with parity +, where the integer n has been redefined. These results show there are three different curves of k or E as a function of T with ν q = 0, +1, and −1 if T is regarded as a continuous variable. In actual finite-length nanotubes, the discrete E values, i.e., discrete energy levels, change periodically among discrete points on the three curves as a function of T = qa.
It should be noted that the energy levels obtained above are valid only in sufficiently long nanotubes in which effects of evanescent waves can be completely neglected in the central region of the nanotube away from caps. Because the typical decay rate of evanescent waves is 2π/L at k ∼ 0, the validity condition is given by 2πT /L 1. Actually, the extent of important evanescent waves depends on the symmetry of a cap. When a cap has an n fold symmetry, for example, a band with wave vector κ(i) along the circumference can couple with those with wave vector κ(i+jn) with integer j and therefore the decay rate becomes 2πn/L instead of 2π/L, where
The method described so far is valid only in the nanotubes having the mirror symmetry around a plane containing the tube axis. For caps without this symmetry, reflections are possible into both K and K points and the equations for quantized k values become complicated. The extension to such cases is straightforward but will not be discussed in this paper. §3. Tight-Binding Model
Armchair nanotubes
A simplest tight-binding model is used in which a single transfer integral γ 0 is assumed between nearestneighbor sites. We have γ = ( √ 3/2)γ 0 a. The procedure for states with parity −. Similarly, for states with parity +, To solve these equations explicitly, the phase shifts are linearized around k ∼ 0,
Then, the quantized wave vector is given by
for states with parity − and 19) for states with parity +, where n is an integer. Consider a finite-length nanotube terminated at r L Fig. 3 . A development map of a capped nanotube. C 1 (j) is the amplitude of strip 1 at jth unit cell and C 2 (j) is that of strip 2. C c is the amplitude in the cap region.
Tube region
Cap region
Connection region
The energy bands can be obtained by putting
The substitution of this into eq. (3.1) immediately gives
with
The diagonalization of this Hamiltonian matrix gives 2n energy bands for a given k. The velocity operator is defined bŷ
and the group velocity for a state with wave vector k is given by
Using the Hellmann-Feynman theorem, we have
Traveling and evanescent modes
From the first equation of eq. (3.1), we have
The substitution of the above into the second equation of eq. (3.1) leads to
First, we set
Substitution of this into eq. (3.12) leads to the following eigenvalue equation:
Because λ is related to the wave number k through exp(ika), 2n eigenvalues λ 1 , · · · , λ 2n can be divided into right going λ 1 (+), · · · , λ n (+) and left going λ 1 (−), · · · , λ n (−). Let u 1 (+), · · · , u n (+) and u 1 (−), · · · , u n (−) be the corresponding eigenvectors, i.e., C 2 (j). When |λ i (±)| = 1, we call the state i with eigenvalue λ i (±) a traveling mode because the wave vector is real. When |λ i (±)| = 1, the state i with value λ i (±) becomes an evanescent mode because the wave vector has an imaginary part.
Define
eigen of the calculation is essentially same as that in the case of a square lattice described earlier. 21) We consider an armchair nanotube L/ √ 3a = n and divide it into cells as shown in Fig. 3 . Each cell contains two strips denoted as 1 and 2, each of which consists of n carbon sites. The equations of motion are written as
where C 1 (j) is the amplitude of strip 1 at jth unit cell and C 2 (j) is that of strip 2. Further, H 1 , H 2 , and V are (n, n) matrices given by
and
whereH is a (2n+n c , 2n+n c ) matrix. To find the scattering matrix, we define Green's function as with 18) and
With the use of eq. (3.17), the amplitude of the rightgoing wave function C
2 (j) and left-going C
2 (j) are written as
Connection with a cap
As shown in Fig. 3 , we define C 2 (0) as the amplitude at the strip which is connected to a cap. Then, we have
where C c is the amplitude and H c is the Hamiltonian in the cap, and V c and V + c are the Hamiltonian connecting the tube with the cap. When the cap consists of n c carbon atoms, H c is a (n c , n c ) matrix and V c and V + c are (n, n c ) and (n c , n) matrix, respectively.
First, we note that
With the use of eq. (3.20), the amplitude of strip 2 at the unit cell j = −1 is written as (3.22) , and (3.24) can be combined
Then, eq. (3.25) can be solved as
which together with eq. (3.23) gives
By this equation and the flux normalization of the wave function we can derive the reflection coefficient r µν for the incoming channel ν with velocity v ν and out-going channel µ with velocity v µ as
The reflection coefficients have an ambiguity in their phases corresponding to that of the wave function. In order to specify the phase uniquely independent of the connection position, we shall choose the eigenfunctions in such a way that
. Phase Shift and Boundary Position
Each cap has six five-membered rings and its structure is uniquely specified by their positions. In this paper we consider, for simplicity, caps having C nv symmetry in which there is an n fold rotation around the axis and a mirror plane containing the axis of rotation.
Pencil and bowl cap
A pencil cap, which has all six five-membered rings at the strip connecting a nanotube with a cap (connecting e Effectiv region), is shown in Fig. 4(a-1) . A projection mapping of the cap is shown in Fig. 4(a-2) . The pencil cap can be connected to a tube L/ √ 3a = 6m with integer m. In the projection mapping of the cap the positions of fivemembered rings are specified with the origin O shown in Fig. 4(a-2) as
This is abbreviated as {6} 6v , where the superscript '6v' represents the C 6v symmetry around the tube axis and '{6}' shows that six five-membered rings are located at the connection region. We define a tip length P as the height P = ( √ 3/12)L of an equilateral triangle having a base line determined by neighboring five-membered rings as shown in Fig. 4(a-2) . A bowl cap has five five-membered rings at the connection region and one five-membered ring at the tip of the cap as shown in Fig. 4(b-1) . A projection mapping of the cap is shown in Fig. 4(b-2) . The bowl cap is connected to a tube L/ √ 3a = 5m. We denote the bowl cap as {5; 1} 5v , where the superscript '5v' represents the C 5v symmetry around the tube axis and '{5; 1}' shows that five five-membered rings are present at the connection region and one five-membered ring is at the cap tip. We have
The tip length is given by P =( √ 3/10)L. Figure 5 shows calculated phase shifts in the pencil cap {6} 6v and the bowl cap {5; 1} 5v . Figure 6 shows the phase shift β for parity + and −, and their difference ∆β = β + −β − . It turns out that β + and β − are close to π and 0, respectively, and as a result ∆β is close to π. The phase shift π means that the amplitude of the wave function at the connection vanishes and the phase shift 0 means that the amplitude becomes maximum. Equations (2.19) and (2.18) show that energy levels of a finite-length nanotube are symmetric around E = 0, i.e., they have an electron-hole symmetry.
With the increase of the circumference, the phase shift becomes almost independent of the circumference and region inside the cap, showing that the wave cannot penetrate into the cap region. Figure 6 also shows the effective cap position α obtained from the first derivative of the phase shift with respect to k at k = 0. We find that with the increase of the circumference of the tube L, the effective shift becomes close to P/4, i.e., α ≈ (1/4)P . For small L, the boundary is effectively larger than (1/4)P but the deviation is not so appreciable.
Star cap
A star cap has three five-membered rings at the connection region and three near the cap's tip as shown in Fig. 4(c-1) . The star cap is connected to a tube L/ √ 3a = 3m and denoted as {3; 3} 3v . There are many star caps, each of which is specified by a number in the subscript. We have {3; 3} 3v n = {−3m(a+2b),−3m(a+2b)+m(2a+b), −3m(a+2b)+2m(2a+b);
The tip length is P = ( √ 3/6)L. Figure 4 (c-2) shows a projection mapping of a star cap with n = 3 attached to a nanotube L/ √ 3a =12. Figure 8 shows that β + ∼ π, β − ∼ 0, and ∆β ∼ π. Figapproaches a common curve. Such a property is common to almost all the results presented in the following.
The amplitude of the wave function at k =0 is shown in Fig. 7 . In this figure the squared amplitude is proportional to the radius of a circle at each carbon site. At the connection region, the electron density is small for states with parity + and large for those with parity −, as mentioned above. The amplitude decays rapidly We also find that in some caps the effective boundary shift approaches (1/4)P from below, while in other caps it approaches (1/4)P from above, with the increase of L. This is presumably due to the fact that the amplitude of the wave function is still appreciable at five-membered rings closer to the cap tip and the interference of waves reflected by them plays a role. In fact, a five-membered ring case scattering between K and K points 20) and the resulting interference is sensitive to the distance between neighboring topological defects. For {3; 3} 3v 3 , in particular, cap with smallest L corresponds to a pencil cap and therefore the effective length is closer to ( √ 3/48)L which is smaller than (1/4)P =( √ 3/24)L for large L.
Sunfish cap
A sunfish cap has two five-membered rings at the connection region and four at the tip of the cap as shown in
The tip length is P = ( √ 3/4)L. Figure 4 (d-2) shows projection mapping of some sunfish caps {2; 4} 2v n with n =1. Figure 9 shows the phase shift β for parity +, − and the difference between them at k = 0. Figure 9 also shows the result of the boundary shift α. In the results the caps with smallest L are actually of a pencil type. Fig. 4(d-1) . It is connected to a tube L/ √ 3a = 2m and denoted as {2; 4} 2v . We have The tip length P is defined as P =(
8. An example of projection mapping is shown in Fig. 4(e-2) .
A crab shell cap has four five-membered rings at the connection region and two near the tip of the cap as shown in Fig. 4(f-1) . It is connected to a tube L/ √ 3a = 4m+2 and is denoted as {4; 2} 1v . The difference of the crab shell cap from the hip roof cap lies in the position of two five-membered rings near the tip of the cap. We have
−3nb−(3m+1)(a+2b), −3nb+(m+1)(2a+b)−(3m+1)(a+2b)}.
(4.6)
A projection mapping of some of crab shell caps is shown in Fig. 4(f-2) . The length P is given by
The features of the results are essentially same as those of all other caps mentioned above.
Hip roof and crab shell cap
A hip roof cap has four five-membered rings at the connection region and two five-membered rings near the cap's tip as shown in Fig. 4(e-1) . It is connected to a tube L/ √ 3a =4m+2 and denoted as {4; 2} 2v . We have 
Cone flat-tip and sharp-tip cap
A cone flat-tip cap has one five-membered ring at the connection region and other five near the tip of the cap as shown in Fig. 4(g-1) . It is connected to a tube L/ √ 3a = m and denoted as {1; 5} 1v . We have
The tip length P is given by P =( √ 3/2)L. A projection mapping of the cap is shown in Fig. 4(g-2) .
A cone sharp-tip cap has one five-membered ring at the connection region, one at the tip of the cap, and other four in between as shown in Fig. 4(h-1) . It is connected to a tube L/ √ 3a = m and denoted as {1; 4; 1} 1v . We have
The tip length is given by P = ( √ 3/2)L. A projection mapping is shown in Fig. 4(h-2) .
roof caps {4; 2} 2v and therefore the traveling modes are coupled to a cap state. Figure 11 shows the wave function at E ∼ 0.21×2πγ/L (0.047×γ 0 ) corresponding to the resonance with a localized cap state. It shows a large amplitude in the cap region as is expected. Although the wave function has a largest amplitude near the tip of the cap, it remains appreciable at the boundary with the nanotube and is extended throughout the cap. In fact, Fig. 10 shows that the energy of the cap states stays almost same if scaled by 2πγ/L for different L values. Figures 12 and 13 show the phase shift β for parity + and −, and their difference in the hip roof cap and the crab shell cap, respectively. Figures 12 and 13 show also the results of the effective boundary shift α in the hip roof cap and the crab shell cap, respectively. We find again β ≈ π for parity +, 0 for parity −, ∆β ≈ π, and α ≈ P/4 when L → ∞. The caps with smallest L correspond to a pencil cap. Figure 10 shows the results of phase shifts in crab shell caps {4; 2} 1v 1 and {4; 2} 1v 2 . The phase shift exhibits a 2π jump at a certain energy. This is due to resonance scattering with a cap state localized in the cap. As will be discussed in the next section, a cap always has some localized states near E = 0. Such localized states do not interact with traveling states in the nanotube when the cap has a high symmetry. The crab shell cap {4; 2} 1v does not have any rotation symmetry in contrast to hip corresponding to a resonance with a cap state. In the following, we shall show explicit results for cone flat-tip caps only because those for cone sharp-tip caps are qualitatively quite similar. Figure 14 shows the results of phase shifts in cone flat-tip caps, {1; 5} 1v 1 and {1, 5} 1v 2 . The features near E = 0 are similar to those of the other caps discussed above. When the energy is moved away from E = 0 to the low energy side, the phase shift starts to deviate from the linear dependence considerably (E/(2πγ/L) < −0.5) and then exhibits a sharp downward shift in the vicinity of the top of the highest valence bands. These structures are prominent in particular in thick nanotubes with a large circumference, where the five-membered ring at the connection region lies away from the other five near the cap tip. When the energy is moved away to the high energy side from E = 0, on the other hand, phase shift exhibits a sharp 2π jump at a certain energy corresponding to resonance with a state localized in the cap. For thick nanotubes, ∞. For nanotubes with small L the effective boundary shift is appreciably smaller than α ≈ P/4. In the junction system, the wave function is known to decay slowly, i.e., proportion to the distance from the origin O. 20, 23) This slow decay of the wave function is likely to be responsible for the large deviation for tubes with small L. Figure 16 (a) shows the squared amplitude of the wave function at the resonance with a localized state and Fig. 16(b) that in the vicinity of the band edge of the next highest valence bands. The wave functions are quite different between these two cases, showing that the origin of these structures in the phase shift is completely different. In fact, the energy of the localized state is nearly independent of L and therefore the corresponding wave function is localized only in the vicinity of the cap tip where five five-membered rings are located, while the state near the band edges is localized in the vicinity of the five-membered ring at the cap-nanotube boundary.
the phase shift shows a sharp rise in the vicinity of the bottom of the first excited conduction band.
For large L/a, a cone cap approaches a junction between a thick and thin nanotubes. In the junction system, the conductance gradually increases with energy and reaches a maximum at an energy below the bottom of the first excited conduction band (the maximum value can be almost as large as that for the perfect transmission) and then the conductance exhibits a sharp and deep dip at an energy very close to the band edge.
22) The deviation of the phase shift from the linear dependence and a sharp energy dependence near the band edges obtained here are likely to correspond to this behavior in junction systems. Figure 15 shows the results of the phase shift β for parity + and −, and their difference. It shows also the results of the boundary shift α. We find again β ≈ π for parity +, 0 for parity −, ∆β ≈ π, and α ≈ P/4 when L → because of the large deviation of the phase from the linear dependence for the cone flat-tip cap as shown in Fig. 14. In fact, in this energy range actual energy levels are densely distributed corresponding to the large energy dependence of the phase shift. Figure 18 shows energy levels of finite-length nanotubes L/ √ 3a = 10 without a cap. In this case the energy levels are symmetric around E = 0 because the phase shift is π independent of the energy (see §2.2). These energy levels are closely related to those of a graphite ribbon.
24) The energy levels near E ∼ 0 shown in Fig. 17 can be obtained from those shown in Fig. 18 by introducing a small splitting between states with parity + and −, a small shift in the positive energy direction, and an increase of the tube length corresponding to the shift in the effective boundary position. The slight upward shift of the energy levels is closely related to shifts in the HOMO and LUMO states in capped CN as will be discussed below. In fact, the boundary shift is explicitly given by α/a = 0.82 for the bowl cap and 3.42 for the cone flat-tip cap giving 4.24 in total for the present nanotube L/ √ 3a =10. In the results of the direct tight-binding calculation (2) 
. Energy Levels in Capped Nanotubes
For sufficiently long nanotubes and states in the vicinity of the Fermi level, the energy levels are given by eqs. (2.24) and (2.25) together with αs and βs obtained from numerically calculated phase shifts. The EMA results can deviate from the exact results, when the band and the phase deviate from the k linear dependence for large k values.
In order to see this deviation, we shall calculate energy levels of capped nanotubes by the following methods also: (1) Phase Shift: We can solve eqs. (2.15) and (2.16) directly using the numerically calculated phase shifts. (2) Tight-Binding: The energy levels can be calculated directly in a tight-binding model for nanotubes with a small diameter and length. For finite-length nanotubes discussed below, however, there is no appreciable difference between the results obtained in the method (1) and (2), showing that evanesshift cent modes are not important for these nanotubes, and therefore only the results obtained in the method (2) will be shown in the following. The HOMO (highest occupied molecular orbital) levels and LUMO (lowest unoccupied molecular orbital) levels are not uniquely specified in principle by the information on the energy levels alone in the vicinity of the Fermi level. However, the comparison with the tight-binding results show that the LUMO levels are those whose energy is closest to E = 0 and the HOMO levels are those lying below the LUMO levels. As a result, the LUMO levels can be both positive and negative depending on the length of the nanotube, while the HOMO levels always lie below E =0.
For ν q = 0 and ν q = +1 the LUMO level has parity + and the HOMO level has parity −. For ν q = −1, on the other hand, the LUMO level has parity − and the HOMO level has parity +. The HOMO-LUMO gap takes a minimum at ν q = +1 and a maximum at ν q =0.
In nanotubes without a cap shown in Fig. 18 , LUMO and HOMO lie in levels higher than those of capped nanotubes shown in Fig. 17 . For ν q = 0 they both lie in the levels (doubly degenerate) with vanishing energy and the HOMO-LUMO gap disappears, while for ν q = ±1 HOMO lies in the highest level below E = 0 and LUMO in the lowest level above E = 0. This shows that there is an extra level sufficiently below E = 0 in capped nanotubes due to the presence of five-membered rings destroying the electron-hole symmetry. The slight upward shift of the energy levels shown in Fig. 17 in comparison with levels of nanotubes without a cap mentioned above is likely to be due to repulsive interaction with this extra state.
Calculations of energy levels are performed for various other caps. The results show that the above rules for the LUMO and HOMO levels are valid for most of caps except some star caps {3; 3} 3v 3j+1 and {3; 3} 3v 3j+2 with integer j. Figure 19 shows energy levels of nanotubes closed by a pencil cap and a star cap {3; 3} 3v 1 . In this example, a localized cap state (doubly degenerate) of the star cap lies below the Fermi level [at ∼ −0.7×(2πγ/L)] and as a result the LUMO and HOMO levels become lower than the Fermi level of an infinitely long nanotube. An energy level at ∼ 0.22×(2πγ/L) corresponds to a cap state localized in the pencil cap. Such localized cap states were calculated previously in a different method for pencil and bowl caps, 18) and the present results are in good agreement with them for these caps. §6. Summary and Conclusion
The electron scattering problem by a cap attached to a metallic armchair nanotube has been calculated based on a tight binding model. The results have been used for the calculation of the electronic states of capped armchair nanotubes. The results are summarized as follows:
The scattering phase shift can be understood as a shift in the effective position of the tube edge and the phase shift at the edge. The phase shift is approximately given by π for states with y + and 0 for states with parity −, respectively. The shift in the effective tube edge is approximately given by (1/4)P , where P is the height of an equilateral triangle having a base line determined by neighboring five-membered rings located at the boundary between the tube and the cap.
Energy levels of capped nanotubes have explicitly been calculated with the use of the obtained phase shifts and in the effective-mass approximation using obtained phase shift and shift in the boundary position. The results are in agreement with those calculated in a direct tightbinding model except for the presence of cap states localized in the cap region, which cannot be included in the present formalism except in a cap with a lower rotational symmetry for which traveling states in the tube can couple with localized states via a resonance scattering. 
